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We present a many body approah for non-equilibrium behavior and self-generated glassiness in
strongly orrelated quantum systems. It ombines the dynamial mean eld theory of equilibrium
systems with the replia theory for lassial glasses without quenhed disorder. We apply this
approah to study a quantized version of the Brazovskii model and nd a self-generated quantum
glass that remains in a quantum mehanially mixed state as T → 0. This quantum glass is formed
by a large number of ompeting states spread over an energy region whih is determined within our
theory.
PACS numbers: 61.43.Gt, 75.10.Nr, 74.25.2q
I. INTRODUCTION
The formation of glasses upon ooling is a well known
phenomenon for lassial liquids. Even without quenhed
disorder, the relaxation times beome so large that a
frozen non-ergodi state is reahed before the nuleation
into the rystalline solid sets in. The nuleation is es-
peially easy to avoid if the material has many poly-
morphisms as does for example SiO2. The system be-
omes unable to reah an equilibrium onguration on
the laboratory time sale and exhibits aging and mem-
ory eets. While extrinsi disorder is widely aknowl-
edged to lead to glassy phenomena in quantum systems,
an a similar self generated glassiness our for quan-
tum liquids? Candidate materials for this behavior are
strongly orrelated eletron systems whih often exhibit
a ompetition between numerous loally ordered states
with omparable energies. Examples for suh behav-
ior are olossal magneto-resistane materials,
1,2,3
uprate
superondutors
4,5,6,7,8,9,10,11
and likely low density ele-
tron systems
12
possibly lose to Wigner rystallization.
The possibility of self generated quantum glassiness
in suh systems and the nature of the slow quantum
dynamis has been little explored. Within a purely
lassial theory a stripe glass state was reently pro-
posed in Refs.
13,14
. This proposal was stimulated by
nulear magneti resonane
4,5,6,7,8
and µ-spin relaxation
experiments
9,10,11
who found stati or quasi-stati harge
and spin ongurations similar to glassy or disordered
systems. A prominent eet whih reets this slowing
down was the wipe-out eet where below a ertain
temperature the typial time sales beome so long that
the resulting rapid spin lattie relaxation annot be ob-
served anymore
5,6,8
. More reently, the dynamial be-
havior of the stripe glass of Refs.
13,14
, as determined by
Grousson et al.
15
was found to be in quantitative agree-
ment with NMR-experiments
16
. Finally, reent µ-spin
experiments
10,11
analyzed the freezing temperatures as
funtion of harge arrier onentration and disorder on-
entration and found a quantum glass transition whih
was insensitive to the amount of disorder added to the
system. This latter experiment, whih seems to support
a generi explanation for glassiness,not aused by impu-
rities, also demonstrated the need for a more detailed
investigation of the quantum regime of glassy systems.
It is then important to develop appropriate theoretial
tools to predit whether a given theoretial model for a
quantum many body system will exhibit self-generated
glassiness where the system forms a glass for arbitrary
weak disorder.
In this paper we develop a general approah to self
generated quantum glasses that ombines the dynami-
al mean eld theory (DMFT) of quantum many body
systems
17,18,19
with the replia tehnique of Refs.20,21
whih desribes lassial glasses without quenhed dis-
order. In addition, we also go beyond strit mean eld
theory and estimate the spetrum of ompeting quantum
states after very long times. This approah is applied
to study a model with ompeting interations whih has
a utuation indued rst-order transition to a striped
(2D) / lamellar (3D) phase. A quantum glass is shown to
be in a quantum mehanial mixed state even at T = 0,
formed by a large number of states whih an be onsid-
erably above the true ground state. Using the onept
of an eetive temperature
22,23,24
for the distribution of
ompeting ground states, our theory allows the investi-
gation of glassy non-equilibrium dynamis in quantum
systems using standard tehniques of equilibrium quan-
tum many body theory. On the mean eld level, our
theory is in omplete agreement with the expliit dynam-
ial non-equilibrium approah developed by Cugliandolo
and Lozano
25
for quenhed disordered spin glasses with
entropy risis, whih inludes weak long-term memory
eets and the subtle interplay of aging and stationary
dynamis.
We nd that when quantum utuations are weak, i.e.,
for a small quantum parameter, c (for a denition see
Eq.1 below) , the glass transition resembles that of las-
sial models
26
that exhibit a dynamial transition at a
temperature T
A
(where mean eld theory beomes non-
ergodi) and a Kauzmann entropy risis at T
K
< T
A
if
equilibrium were to be ahieved. The atual laboratory
2glass transition is loated between these two tempera-
tures and depends for example on the ooling rate of the
system. Beyond a ritial c, T
K
and T
A
merge and the
transitions hange harater. Within mean eld theory,
a disontinuous hange of the relevant quantum mehan-
ial states ours at the glass transition. Even going be-
yond mean eld, the system remains in a mixed quantum
state however with a non-extensive number of relevant
quantum states. Still, at the quantum glass transition
a disontinuous hange of the density matrix to a usual
quantum liquid ours. Put another way, a glass in on-
tat with a bath at T = 0 is essentially a lassial objet,
qualitatively distint from a quantum uid, enforing the
quantum glass transition to be disontinuous. Our results
learly support the later senario as an be seen in Fig.2
below.
In lassial glass forming liquids an exess or ong-
urational entropy with respet to the solid state due to
an exponentially large number of metastable ongura-
tions emerges below T
A
. Obviously, in the quantum limit
a glass transition must be qualitatively dierent. Even
a very large number of long lived exited states annot
ompensate their vanishing Boltzmann weight at equi-
librium for T = 0. An exponentially large ground state
degeneray on the other hand is typially lifted by hy-
bridization, saving kineti energy. In Ref.27 it was then
argued that for a glassy quantum system the Edwards-
Anderson order parameter vanishes ontinuously at the
quantum glass transition (in ontrast to the lassial be-
havior). On the other hand, in Ref.28 it was onluded
that in ertain spin glasses with quenhed disorder the
glass transition at suiently small T is of rst order.
The outline of this paper is as follows. In setion II we
introdue a quantized version of the Brazovskii model of
miro-phase separation. We then disuss the replia ap-
proah used in this paper as well as the dynamial mean
eld theory employed for the solution of the problem in
setions III and IV, respetively. Conlusions whih are
based on the approah developed here but whih go be-
yond the strit mean eld limit are disussed in setion
V. Finally we present a summary of our results in the
onluding setion VI. The equivalene of the loned-
liquid replia approah and the Shwinger-Keldysh the-
ory of non-equilibrium quantum systems is presented in
the appendix.
II. THE MODEL
We onsider a Bose system with eld, ϕx, governed
by the ation S [ϕx] with ompeting interations whih
ause a glass transition in the lassial limit. Speially
we onsider a system with ation
S =
1
2
∫
d3x
∫
dτ
((
∂ϕx
∂cτ
)2
+ r0ϕ
2
x
+
u
2
ϕ4
x
(1)
+2q−20
([
∇2 + q20
]
ϕx
)2)
.
Here, q0 is a wave number whih supports strong utu-
ations for momenta with amplitude |q| = q0, i.e. mod-
ulated eld ongurations. The lassial version of the
model, Eq.1, was shown by Brazovskii
29
to give rise to a
utuation indued rst order transition to a lamellar or
smeti state. Within equilibrium statistial mehanis,
this ordered state gives the lowest known free energy. In
Refs.13,14 we demonstrated that, within non-equilibrium
lassial statistial mehanis, an alternative senario is a
self generated glass. Instead of the transition to a sme-
ti state, metastable solutions built by a superposition of
large amplitude waves of wavenumber q0, but with ran-
dom orientations and phases emerge
30
. Those form the
stripe glass state disussed in Ref. 13,14. It is unlear so
far whether the glassy solution ours only if the ordered
phase an be avoided by super-ooling or whether there is
a parameter regime where the glass is favored regardless
of the ooling rate.
In Eq.1 we onsider additional quantum utuations,
haraterized by the veloity, c. Clearly, quantum u-
tuations redue the tendeny towards a utuation in-
dued rst order transition. This an be seen by eval-
uating the
〈
ϕ2 (x, τ)
〉
within the spherial approxima-
tion. In the lassial limit
〈
ϕ2 (x, τ)
〉
∼ Tq20r
−1/2
with
renormalized mass r = r0 + u
〈
ϕ2 (x, τ)
〉
and the solu-
tion r = 0 learly does not exist. The same utuations
whih suppress the ourrene of a seond order transi-
tion lead to a rst order transition at the temperature
where r0 ≃ uTq
2
0r
−1/2
0 .
29
In the quantum limit the be-
havior is oneptually similar but utuations grow only
logarithmially,
〈
ϕ2 (x, τ)
〉
∼ q20 log
(
Λ
r
)
. For exponen-
tially large orrelation length r−1/2 there should also be
a utuation indued rst order transition to a smeti,
whih might be related to the state proposed in Ref.31 in
the ontext of strongly orrelated quantum systems. An-
other option however is the emergene of a stripe glass,
even for large quantum utuations, whih results in an
amorphous modulated state instead. The investigation
of this option will be the spei appliation of our the-
ory. Before we go into speis of the model, Eq.1, we
develop a general framework for the desription of self
generated quantum glasses.
III. THE CLONED LIQUID - REPLICA
APPROACH
Competing interations of a glassy system ause the
ground state energy as well as the exitations to be very
sensitive to small additional perturbations. In order to
quantify this we introdue, following Ref.20, a stati er-
godiity breaking eld ψ:
Sψ [ϕ] = S [ϕ] +
g
2
∫
dτd3x (ψx − ϕx (τ))
2
and take the limit g → 0 eventually. The oupling be-
tween ϕ and ψ will bias the original energy landsape
3in the diretion of the onguration ψ, enabling us
to ount distint ongurations. Adopting a mean-eld
strategy, we assume that even in the quantum limit ψ
should be hosen as stati variable, probing only time
averaged ongurations.
Introduing f˜ψ = −T logZψ, with the biased partition
funtion Zψ =
∫
Dϕe−Sψ , f˜ψ(T → 0) orresponds to
the ground state energy for a given ψ. If there are many
ompeting ground states, it is natural to assume that f˜ψ
determines the probability, pψ, for a given onguration.
If we identify the atual state of the system we gain the
information Sc = − limg→0
∫
Dψ pψ log pψ. Maximizing
this ongurational entropy Sc with respet to pψ yields
the usual result
pψ ∝ exp
(
−f˜ψ/Te
)
, (2)
where the eetive temperature, T
e
is the Lagrange mul-
tiplier enforing the onstraint that the typial energy is
F˜ = limg→0
∫
Dψ pψ f˜ψ. Te is a measure for the width of
the energy region within whih the relevant ground state
energies an be found. If the system is glassy, T
e
> T
and a quantum mehanially mixed state results even as
T → 0. Thus, a glass will not be in a pure quantum me-
hanial state (haraterized by a single wave funtion)
even at zero temperature.
Introduing the ratio m = TT
e
it follows pψ ∝ Z
m
ψ ,
leading to
F˜ =
∂ (mF (m))
∂m
Sc =
m
T
e
∂F (m)
∂m
,
where we introdued F = F˜ − T
e
Sc with
F (m) = − lim
g→0
T
m
log
∫
DψZm [ψ] .
It is now possible to integrate out the auxiliary variable
ψ, yielding an m-times repliated theory of the original
variables ϕ with innitesimal inter-replia oupling:
S =
m∑
α=1
S[ϕα]− g
m∑
α,β=1
∫
d3xdτdτ ′ϕα
x
(τ)ϕβ
x
(τ ′) , (3)
similar to a random eld model with innitesimal ran-
domness g. The major dierene here is that in systems
with a tendeny towards self-generated glassiness, the ini-
tial innitesimal randomness g will self onsistently be re-
plaed by an eetive, interation indued, self-generated
randomness. Speially this will be the o diagonal el-
ement of the self energy in replia spae.
At this point it is useful to disuss similarities and
dierenes of the present approah if ompared to the
onventional replia approah of systems with quenhed
disorder. First, on a tehnial level, the replia index has
to be analytially ontinued to m = T/T
e
≤ 1 and not
to zero. This reets the fat that slow metastable on-
gurations do not equilibrate at the atual temperature,
T , but at the eetive temperature T
e
. In other words,
the system has an essentially equal probability to evolve
into states whih are spread over a spetrum with width
T
e
, even as T → 0. If one applies the present approah
to a system with expliit quenhed disorder, where one
an apply the onventional replia theory, and assumes
replia symmetry, it turns out that m orresponds to the
break point of a solution with one step replia symme-
try breaking of the onventional replia approah and
both tehniques give idential results. Alternatively one
might also onsider the model, Eq.1, in the limit of an in-
nitesimal random eld with width g and break point of
a one step replia symmetry breaking m solution. This
implies that the present approah aptures the essene
of glassy behavior in systems with two very distint typ-
ial time sales. This will beome partiularly lear if
we ompare our results with the one obtained within the
solution of the dynamial Shwinger-Keldysh theory in
the appendix. A more physial relationship between the
two replia approahes an be obtained by realizing that
the typial free energy of a frozen state, F˜ , an also be
written in the usual replia language via
F˜ = lim
n→0
1
n
(
Znψ − 1
)
where the average is performed with respet to the dis-
tribution funtion pψ ∝ Z
m
ψ . The distribution funtion
of the self generated randomness is non-Gaussian. For
example if m→ 1, e−Sψ[ϕ] an also be interpreted as the
generating funtional of the distribution pψ.
32
It is be-
ause this distribution is haraterized by olored noise
that we nd a self generated glassy state of the kind
disussed here. Finally, if one replaes
([
∇2 + q20
]
ϕ
)2
in Eq.1 by the usual (∇ϕ)
2
-term (whih is the q0 → 0
limit after appropriate resaling of ϕ, c, u. et.) there
is no glass as g → 0, making evident that self-generated
glassiness is ultimately aused by the uniform frustration
of the nite q0 problem where modulated ongurations,
ϕ (x) ∝ cos (q0 · x), with |q0| = q0 and arbitrary dire-
tion have low energy.
IV. DYNAMICAL MEAN FIELD THEORY
Due to the mean eld harater of the theory, it is
appropriate to proeed by using the ideas of the DMFT
for equilibrium many body systems
17,18,19
and assum-
ing that the self energy of our repliated eld theory is
momentum independent. Physially, ignoring the mo-
mentum dependene of the self energy might be justied
by the fat that a glass transition usually ours in a
situation of intermediate orrelations, i.e. when the or-
relation length of the liquid state is slightly larger but
omparable to the typial mirosopi length sales in
the Hamiltonian.
14
The free energy of the system an
be expressed in terms of the Matsubara Green's funtion
40 0.5 1 1.5 2 2.5 3
c
0
0.05
0.1
0.15
0.2
T 2.37 2.375 2.38 2.385
c
0.002
0.004
0.006
0.008
0.01
0.012
0.014
T
*
*
*
Figure 1: DMFT Phase diagram for the model Eq. 1 , within
the one-loop self onsistent sreening approximation. The
solid line represents T
A
whereas the dashed line represents
T
K
. The inset shows the low temperature region of the phase
diagram where T
A
and T
K
have merged and the eetive
temperature at the transition is larger than T (m(T
A
) < 1).
The line is simply a guide to the eye whereas the dots are
the atual numerial result. The numerial simulations in
the paper where arried out using the parameters r0 = −6,
q0 = 0.3 and u = 2pi
2 |r0|. The stars refer to the (T, c) points
of whih the results in Fig.4 are shown.
Gαβ
q
(ωn) =
〈
ϕa
q
(ωn)ϕ
b
−q(−ωn)
〉
and the orresponding
loal (momentum independent) self energy Σαβ (ωn) as
F (m) = tr (ΣG)− tr logG+Φ [G] ,
where the self energy is given by Σ = δΦ[G]δG , and Φ [G] is
diagrammatially well dened for a given system
33
.
The dierene from the usual equilibrium DMFT
approah
17,18,19
is the ourrene of o diagonal elements
in replia spae, allowing us to map the system onto a
loal problem with the same interation but dynamial
Weiss eld matrix. This brings us to an eetive zero
dimensional theory similar to the mode-oupling theory
of lassial glasses.
34
We furthermore make the ansatz
20
Gαβ
q
(ωn) = Gq (ωn) δab + Fq
δn,0
T
, (4)
with stati o diagonal elements. A similar ansatz for the
self energy leads to the following two Dyson equations for
the diagonal and o diagonal propagators:
Gq (ωn) =
[
G−10,q (ωn)− ΣG (ωn)
]−1
,
Fq = ΣFGq (0)
[
G−1
q
(0)−mΣF/T
]−1
. (5)
Glassiness is assoiated with nite values of the Edwards-
Anderson order parameter, Fq, whereas for Fq = 0 we
reover the traditional theory of quantum liquids. The
struture of the Dyson equation already gives us ruial
informations on the nature of the glass transition. From
Eq.5 follows immediately that, ontrary to the lassial
ase where glassiness an our with m = 113,14, in the
quantum limit (T → 0) the only way Fq an be non-zero
is to have m → 0 suh that m/T = 1/T
e
6= 0. This
imposes a onstraint on the replia symmetry breaking
struture in the quantum limit of the replia approah
developed in Ref.20. Also, it is lear that ΣF denes a
new length sale of the problem that is assoiated with
the glass transition.
14
In the lassial glass transition the
relation m = 1 is satised at TA. Then the two Dyson
equations an be deoupled into an equilibrium, diago-
nal (in replia spae) part, and a non-equilibrium, o-
diagonal part. This allows us to interpret ΣG as related
with the equilibrium orrelation length and to assoiate
ΣF with the Lindemann length, assoiated with the typ-
ial length sale of wandering of defets of the equilib-
rium struture, see Ref.
14
for details. However, it follows
from the struture of the self-energies that, in the quan-
tum limit, where m < 1 at TA, the two Dyson equations
annot be deoupled anymore. In this ase, the two self-
energies will ombined dene a orrelation length and a
Lindemann length whih are not independent, but rather
losely intertwined.
We solved the impurity problem within a self onsistent
large-N approah, i.e. we generalize the salar eld ϕ to
an N -omponent vetor and onsider the limit of large-N
inluding rst 1/N -orretions. This approah was used
earlier to investigate self generated glassiness in the las-
sial limit
13,14
. In this limit it is also possible to solve the
DMFT-problem exatly
35
, demonstrating that glassiness
found in the approximate large-N limit is very similar
to the exat, nite N theory and thereby supporting the
appliability of the large N -expansion.
Within the self onsistent large-N approah, the diag-
onal and o diagonal element of the self energy are given
as
ΣG (ωn) = Σ
H
G −
2
N
(FDG (ωn) +DFG (ωn))
+T
∑
m
DG (ωn + ωm)G (ωm)
ΣF = −
2
N
DFF , (6)
with Hartree ontribution
ΣHG = −uT
∑
m
G (ωm)− uF
as well as
DG (ωn) =
1
u−1 +ΠG (ωn) + 2γFG (ωn)
DF =
−γF2D2G (0)
1 + γF2DG (0) /Te
(7)
and bubble diagram ΠG (ωn) =
γT
∑
m G (ωn + ωm)G (ωm). Here G (ωm) =∫
d3q
(2pi)3
Gq (ωn) and F =
∫
d3q
(2pi)3
Fq are the momen-
tum averaged propagators. The DMFT is usually
5formulated on a lattie and it is possible to hose the
same dimension (e.g. inverse energy) for the momentum
dependent and momentum averaged propagator, by
assuming the lattie spaing equal unity. In a ontinuum
theory the role of the lattie spaing is played by the
inverse upper ut o of the momentum integration Λ,
whih enters our theory in Eqs.7 through the onstant
γ = Λ−3. In the ase of the Hamiltonian, Eq.1, all
momentum integrals are onvergent as Λ → ∞ and
the sale whih replaes the ut o is q0, leading to
γ = q−30 . We solved this set of self onsistent equations
numerially. Before we present the results we must
disuss the stability of the ansatz, Eq.4.
The loal stability of the replia symmetri ansatz,
Eq.4 is determined by the lowest eigenvalue of the Hes-
sian matrix
δ2F
δGαβδGγδ
. Proeeding along the lines of
Ref.36 and diagonalization over the replia indies leads
to the following matrix in momentum spae
Mq,q′ = δ (q− q
′)G−2
q
(0) + C , (8)
where
C =
δ2Φ
δGαβδGαβ
− 2
δ2Φ
δGαβδGαδ
+
δ2Φ
δGαβδGγδ
, (9)
with distint α, β, δ and δ. Diagrammatially, C is a sum
of diagrams with four external legs with at least two dis-
tint replia indies. Thus, as g → 0 the onstant C
vanishes if Fq → 0, an observation whih will be relevant
in our disussion of the nature of the zero temperature
glass transition as a funtion of c. We nd for the lowest
eigenvalue, λ, of Mq,q′ :
C−1 =
∫
d3q
(2pi)
3
(
G−2
q
(0) + λ
)−1
. (10)
If λ > 0 the mean-eld solution is stable, whereas it is
marginal for λ = 0. The fairly simple result, Eq.10, for
the stability of the replia struture is a onsequene of
the momentum independene of the self energy within
DMFT whih guarantees that Φ [G] only depends on the
momentum averaged propagators. Otherwise C would
depend on momentum, making the analysis of the eigen-
values of Mq,q′ in Eq.8 muh more ompliated. Thus,
the investigation of our problem within dynamial mean
eld theory is not only onvenient to obtain solutions for
Gq (ωn) and Fq, it is also ruial to make progress in the
analysis of the stability of this solution. We expet that
it will be impossible to nd a stable replia symmetri
solution, Eq.4, one one goes beyond DMFT.
In real physial systems the slow degrees of freedom
relax on a nite time sale τα and the eetive tempera-
ture T
e
= T/m depends not only on the external param-
eters like T and pressure, but also on the ooling rate,
or equivalently on the time, tw, elapsed after quenhing
and thus on the events whih, for a nite range system,
an take the system to dierent states of the spetrum
haraterized by T
e
. Aounting for these eets goes
2.32 2.34 2.36 2.38
c
0
0.002
0.004
0.006
0.008
0 0.005 0.01 0.015 0.02
TA
0.0036
0.0038
0.004
0.0042
0.0044
F 
(T
A
) 0.013 0.011
0.008
T = 0.002
0.015
PSfrag replaements
F
Figure 2: Low temperature behavior of the Edwards-
Anderson order parameter as a funtion of the intensity of
quantum utuations. The temperatures are in the region
displayed in the inset of Fig. 1. Inset: dependene of the
order parameter at the transition temperature T
A
.
beyond a mean eld treatment. However, for tw ≪ τα
mean eld theory should apply. In fat, sine within the
mean eld approah the time τα is innite, this is in-
trinsially the regime we are onstrained to within the
mean eld treatment. Then, the most important on-
gurations of the order parameter are those whih allow
the system to explore the maximum number of ergodi
regions. The best way to ahieve this, without being un-
stable, is through interonneting saddle points.
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This
leads to the marginal stability ondition, λ = 0, whih
we use to determine the eetive temperature T 0
e
, whih
orresponds to the eetive temperature right after a fast
quenh into the glassy state, i.e, T 0
e
= T
e
(tw ≪ τα):
C
(
T 0
e
)−1
=
∫
d3q
(2pi)3
G2
q
(
0, T 0
e
)
. (11)
Within the large-N approximation used to determine the
propagator we an also evaluate the onstant C of Eq.9,
leading to
C
(
T 0
e
)
=
2
N
[
2D2G (0)ΠF −DF
]
(12)
whih is an impliit equation for T 0
e
. Note that, as we
argued before, C vanishes for F → 0. Moreover, sine the
integral on the right hand side of Eq.11 is bounded from
above, C and therefore Fq must vanish disontinuously at
the transition even for T = 0. As explained above, from
the struture of the Dyson equation in replia spae it
immediately follows that for c larger than some value cA,
T 0
e
/T must also jump disontinuously from T 0
e
/T > 1
in the glass state to T 0
e
/T = 1 in the quantum liquid
state.
Together with Eq.11 we have a losed set of equations
whih desribe the quantum glass within mean eld the-
ory. We have solved this set of equations for the model,
6Eq.1, and indeed found that there is a glassy state be-
low a ritial value for c. Most interestingly, for inreas-
ing c (i.e.inreasing quantum utuations) the rapidly
quenhed quantum glass, whih at some point beomes
unstable, undergoes a disontinuous reorganization of the
density matrix upon entering the quantum liquid state.
It is ruial to solve this many-body problem within some
onserving approximation, i.e., based upon a given fun-
tional Φ (G), whih must be simultaneously used to de-
termine Σ and C. The set of equations was solved numeri-
ally. The Matsubara frequeny onvolutions were alu-
lated on the imaginary time axis via Fast Fourier Trans-
form algorithm using 215 frequenies. This auray is
needed mostly to be able to nd solutions of Eqs.11 and
12 .
The transition line between the liquid and glassy states
in the (c, T ) spae is presented on Fig 1. Note that the
low temperature (quantum regime) behavior is qualita-
tively dierent from the lassial stripe glass. In the
quantum limit, T
A
and T
K
merge and the eetive tem-
perature at the transition T 0
e
(T
A
) is always larger than
T
A
, i.e., m < 1. Due to the reentrant harater of the
transition the quantum glass an also be reahed by heat-
ing up the system. By generalizing Brazovskii's theory
of the utuation indued rst order transition to the
quantum ase, we found a similar reentrane behavior for
this equilibrium transition, suggesting that this peuliar
shape of the phase border is determined by the inreas-
ing relevane of utuations with wave vetor q = |q0|
as one rosses over from a quantum to a lassial regime
(see orresponding remarks made in se.II). Another way
the quantum glass an be reahed is of ourse via a c
quenh. Note also that the reentrant behavior we nd
within our approah happens at the point where numer-
ially, at the same time, T
A
− T
K
vanishes (to within
numerial preision), m (T
A
) starts falling with a larger
derivative (see the inset of Fig.3), and F (T
A
) reahes
a minimum (see inset of Fig. 2) before plateauing as
T → 0. This suggests that the reentrane behavior and
the hange of harater of the transition are losely re-
lated. In Fig. 3 we show the dependene of the replia
symmetry index m = T/T 0
e
as funtion of c for dierent
temperatures.
In the lassial limit, c → 0, Fq hanges disontinu-
ously at TA, whereas Te hanges ontinuously (m = 1),
i.e. the relevant metastable states - within whih a las-
sial glassy system gets trapped into - onnet gradually
to the relevant states whih ontribute to the liquid state
partition funtion. A similar behavior in the quantum
limit would imply that T
e
and therefore Fq and C van-
ish ontinuously at the quantum glass transition. How-
ever, as disussed above, this is not possible if one uses
Eq.11 to determine the eetive temperature. Thus, T
e
hanges disontinuously and one might expet a nule-
ation of liquid droplets within the unstable glass state to
be important exitations whih ause a quantum-melting
of the glass. Even though one an formally introdue,
along the lines of Ref.23, a latent heat δQ = T
e
Sc at this
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in the low temperature regime displayed on the inset
of Fig. 1.
transition, we do not know of a senario whih, within
mean eld theory, allows this energy to be realized within
the laboratory. The appearane of a rst order like tran-
sition as one enters the quantum regime, however without
reentrane behavior, was rst pointed out in Ref.28 in a
related ase of spin glasses with quenhed disorder.
Finally, we make ontat between our theory and the
Shwinger-Keldysh approah used in Ref.25, whih gives
a set of oupled equations for the symmetrized orrela-
tion funtion Cx,x′ (τ, tw) =
1
2
〈
[ϕx (tw + τ) , ϕx′ (tw)]+
〉
and the retarded response funtion Gr
x,x′ (τ, tw) =
−iθ (τ)
〈
[ϕx (tw + τ) , ϕx′ (tw)]−
〉
, where [ , ]
±
≡ AB ±
BA . In the lassial limit Cx,x′ (τ, tw) =
〈ϕx (tw + τ)ϕx′ (tw)〉as usual. If tw, is omparable to τ
the dynamis is omplex and depends on the nature of
the initial state (aging regime). On the other hand, for
t
w
large ompared to τ , C (τ, t
w
) and Gr (τ, t
w
) are ex-
peted to dependent only on τ (stationary regime). Cor-
respondingly, one an deompose the orrelation funtion
into aging and stationary ontributions
C (τ, t
w
) = C
AG
(τ, t
w
) + C
ST
(τ) , (13)
and similarly for Gr (τ, t
w
). Cugliandolo and Kurhan24
showed within the mean eld theory of lassial spin
glasses that one annot deouple the stationary dynamis
from the aging regime. Instead, the system establishes a
weak long term memory and one has to solve for the en-
tire time dependene. An elegant way to enode the aging
dynamis is a generalized utuation dissipation theorem
(FDT) Gr
AG
(τ, t
w
) = −T−1
e
∂
∂t
w
C
AG
(τ, t
w
), with eetive
T
e
. This approah was generalized to the quantum ase
in Ref.25.
As shown in the appendix, we nd a omplete equiv-
alene of the Shwinger-Keldysh theory of Ref.25, if
applied to the quantized Brazovskii model, with our
replia approah if we identify (after analytial on-
tinuation to real time): G (t) = Gr
ST
(t)and F =
7limt
w
→∞ limt→∞ CAG (tw, t). T
0
e
, whih follows from
marginality, Eq.11, is idential to the one of the gen-
eralized FDT, when we assume t
w
≪ τα.
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V. ASPECTS BEYOND THE STRICT MEAN
FIELD THEORY
In this setion we disuss several physially signiant
onlusions one an draw from our theory whih go be-
yond the strit mean eld limit. In partiular we will
disuss several aspets related to dynamial heterogene-
ity in glasses.
Going beyond mean eld theory, for tw ≫ τα, the
marginal stability annot be sustained, sine the system
an save free-energy via droplet formation,
26
whih drives
the system towards equilibrium. As disussed in Ref.26,
the free-energy gain is due to a gain in ongurational en-
tropy whih is inhibited within mean eld theory due to
innitely large barriers, but possible in nite subsystems
where transitions between distint metastable states be-
omes allowed. Thus, the glass might be onsidered as
onsisting of a mosai pattern built of distint mean eld
metastable states. The size of the various droplets form-
ing the mosai is determined by a balane of the entropi
driving fore (proportional to the volume of the drop)
and the surfae tension
26
.
One way to aount phenomenologially for suh be-
havior within our theory is to assume that T
e
beomes a
time dependent quantity
23
and the exploration of phase
spae allows the system to ool down its frozen degrees
of freedom by realizing ongurational entropy. One
would naturally expet T
e
(tw) to derease towards a
value T∞
e
until either limN→∞ Sc(T
∞
e
)/N = 0 or T∞
e
=
T . In the former ase there is no extensive entropi driv-
ing fore anymore whih favors the exploration of phase
spae, whereas in the latter ase the system has reahed
equilibrium but with, in general, nite remaining ongu-
rational entropy. These two regimes are separated by the
Kauzmann temperature where limN→∞ Sc(T
∞
e
)/N = 0
at T∞
e
= T simultaneously26.We annot, of ourse, alu-
late the expliit time dependene of T
e
(tw) here. How-
ever, we an parametrially study Sc(Te) versus Te, i.e.
keep the replia value m an open parameter of the the-
ory and analyze whether the trends for the variation of
Sc(Te) at xed temperature T are sensible. Sine we de-
termined m previously by the marginality ondition, an
eetive temperature T
e
< T 0
e
implies that the replion
eigenvalue is dierent from zero. We found numerially
that λ < 0, reeting an instability of our solution likely
related to some kind of dynamial heterogeneity. We ar-
gue that this heterogeneity is dierent for temperatures
lose to TA and TK .
We rst disuss the behavior below but lose to TA in
the lassial regime where marginality gives a ontinuous
hange of m, i.e. T∞
e
(TA) = T . In this regime the sys-
tem is lose to equilibrium and it should be sensible to
onsider small utuations around the mean eld solu-
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Figure 4: Parametri plot of the relaxation of T
e
and Sc
for varying tw after quenhes to the 3 points indiated by
stars in the phase diagram Fig.1. In addition Sc is shown for
one point right at the quantum glass transition with TA =
0.01 > T . The diretion of evolution of the waiting time tw is
indiated by the arrows. The system an relax from a state
with marginal stability with T 0
e
to 3 dierent nal states as
explained in the text. Inset: ongurational entropy at the
transition point as funtion of T
A
.
tion. Suh small utuations are then dominated by the
eigenvetors of the replion problem whih orrespond
to the lowest eigenvalue. From Eq.8 we an easily de-
termine the momentum dependene of this eigenvetor,
whih an be interpreted as the utuating mean square
of the long time orrelation funtion Fq away from its
mean eld value. It is given by
Ψq = Ψ0
q40
G−2q − λ
(14)
where, Ψ0 is a normalization onstant. At marginality,
these modes in orrelation funtion spae are massless
and thus easy to be exited. The typial length sale
of these orrelation funtion utuations are determined
by G−2
q=q
0
, i.e. are onned to a length sale determined
by Σ
−1/2
G . Sine this length is not the atual orrela-
tion length, but rather determined by the shorter Linde-
mann length disussed on Ref.14, the wandering of de-
fets seem to set the sale on whih the dynamis lose to
TA evolves. Thus orrelations over the Lindemann length
are utuating in spae. Even though the utuating
objet is haraterized by a rather short sale, its u-
tuations are, of ourse, orrelated over larger distanes,
as haraterized by the nonlinear suseptibility χαβγδ =
〈ϕa (x)ϕβ (x)ϕγ (x)ϕδ (x)〉. χ
αβγδ
is the inverse of the
Hessian and thus diverges if λ → 0. Thus we onlude
that lose to TA this heterogeneity is driven by the or-
relation funtion utuations of shape Ψq of Eq.14. We
believe that this Goldstone - type heterogeneity is very
similar in harater to the reent interesting approah to
heterogeneity resulting from the assumption of a loal
8time reparametrization invariane
39
. This is supported
by the lose relation between the reparametrization in-
variane and marginality as shown in Ref.40. In addition,
the approah of Ref.39 onsiders utuations relative to
the mean eld solution with stiness proportional to the
(mean eld) Edwards-Anderson parameter. Thus, small
utuations aused by the marginality of the mean eld
solution are onsidered, similar to the ones given in Eq.14
Further away from TA suh a linearized theory is likely
to break down beause additional eigenvetors, not re-
lated to the marginal eigenvalue, beome relevant and
non-Gaussian utuations ome into play. This should
always be the ase where m is not lose to unity, i.e.
in the lassial regime for temperatures below TA and
everywhere in the quantum regime. One might expet
droplet-physis to beome important then
26
.
In both ases it is useful to analyze the evolution of
the spetrum of states of this formally unstable theory,
partiularly if the replia struture of the theory remains
unhanged. As shown in Fig.1, we found numerially for
the model, Eq.1, that for tw ≫ τα, three dierent possible
nal situations, result, depending on the relation between
the bath temperature T and the Kauzmann temperature
TK : (1) TA > T > TK , Te will relax until it reahes
T , but an exess entropy will remain. (2) T = TK , Te
will relax until it reahes T , in a state with zero on-
gurational entropy. (3) T < TK , Te will relax until
all the exess entropy vanishes, but the system remains
in a non-equilibrium state with T∞
e
> T . In this ase
there are still many (even though less than exponentially
many) states, distributed aording to a Boltzmann fun-
tion with an eetive temperature, T∞
e
. Their energies,
f˜ψ, dier by non-extensive amounts in a range of order
T∞
e
< T 0
e
. At a ritial value of the quantum param-
eter slightly below cA we nd that TA and TK merge
and the nature of the glass transition hanges. The sys-
tem is either in a quantum uid or in a non-equilibrium
frozen state and the identiation of the glass transition
using equilibrium tehniques alone beomes impossible.
Note however that in the quantum glass regime, even at
temperatures T arbitrarily lose to T
A
, for tw ≫ τα we
always obtain limN→∞ Sc(T
∞
e
)/N = 0 for T∞
e
> T (see
dashed urve on Fig. 4).
VI. CONCLUSION
In summary, we have presented an approah to self
generated quantum glasses whih enables the ounting
of ompeting ground state energies (quasi-lassially of
long lived metastable states) in interating quantum sys-
tems. Tehnially very similar in form to the traditional
quantum many body theory of equilibrium systems, it
allows one to investigate whether a given system exhibits
self generated glassiness as a onsequene of the frustrat-
ing interations. Slow degrees of freedom are assumed
to behave lassially and are shown to equilibrate to an
eetive temperature whih is nonzero even as T → 0
and whih haraterizes the width and rigidity of the en-
ergy landsape of the ompeting states of the system.
Applied to the spei model, Eq.1, we do nd a glass
below a ritial value for the quantum utuations. Using
a marginality riterion to determine T
e
, we an gener-
ally show that quantum glass transitions are bound to
be disontinuous transitions from pure to mixed quan-
tum states. This leads to the interesting question of how
quantum melting of the non-equilibrium quenhed states
an our via nuleation of the orresponding quantum
liquid state. Even going beyond mean eld theory by as-
suming a time dependent eetive temperature, we nd
that T
e
saturates (at least for extremely long times) at
a value T∞
e
> T . Finally we made onnetion to the
dynamial approah for non-equilibrium quantum many
body systems of Ref.25, whih shows that our theory
properly takes into aount the eets of aging and long
term memory. We believe that the omparable simpli-
ity of our approah allows it to apply our tehnique to a
wide range of interesting problems in strongly interating
quantum systems.
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Appendix A: SCHWINGER-KELDYSH
FORMALISM
In this setion we apply the Shwinger and Keldysh
lose-time path Green funtion formalism applied to
quantum glasses without quenhed disorder. We follow
losely Cugliandolo and Lozano
25
, who applied the teh-
nique to spin glasses with quenhed disorder. In this for-
malism response and orrelation funtions are treated as
independent objets, oupled through a set of equations
alled Shwinger-Dyson equations. A perturbation the-
ory sheme an be set up by onsidering the generalized
matrix Green funtion
G˜x,x′ (t, t
′) =
(
0 Ga
x,x′ (t, t
′)
Gr
x,x′ (t, t
′) Cx,x′ (t, t
′)
)
(A1)
and self-energy
Σ˜x,x′ (t, t
′) =
(
0 Σa
x,x′ (t, t
′)
Σr
x,x′ (t, t
′) Σx,x′ (t, t
′)
)
.
where
Cx,x′ (t, t
′) =
1
2
〈
[ϕx (tw + τ) , ϕx′ (tw)]+
〉
G
r(a)
x,x′ (t, t
′) = ∓iθ (± (t− t′)) 〈[ϕx (t) , ϕx′ (t
′)]〉
9In analogy to onventional perturbation theory, the
omponents of G˜ and Σ˜ obey the Shwinger-Dyson equa-
tions
Gr
q
= Gr0q +G
r
0q ⊗ Σ
r
q
⊗Gr
q
(A2)
Cq = G
r
q
⊗
[
Gr−10q ⊗ C0q ⊗G
a−1
0q +Σq
]
⊗Ga
q
.(A3)
We use ⊗ to distinguish the matrix produt over
time (the time onvolution) where A ⊗ B (t, t′) ≡∫
dsA(t, s)B (s, t′) from the salar (element-wise) prod-
ut, where AB (t, t′) = A (t, t′)B (t, t′).
The rst Shwinger-Dyson equation A2 is similar to
onventional perturbation theory. However it is oupled
to the seond equation of C (t1, t2) whih admits non-
trivial solutions. For simpliity, we hoose an initial on-
dition suh that C0 = 0 and ImG
r
0 = 0. This leads to
thermalization of Gr (fulllment of the FDT) in the ab-
sene of non-linearities, so it is an appropriate ondition.
Let us all t2 = tw and t1 = tw + τ , i.e., the orrela-
tions between instants separated by τ are measured after
the waiting time tw has elapsed. The glassy dynamis ap-
pears in a regime of tw →∞ and τ →∞ . To proeed we
assume that in this limit all orrelation funtions an be
deomposed into a slow, non-time translation invariant,
aging part (AG) and a fast, time translation invariant,
stationary part (ST ) like in Eq.13.
In this approah the stationary term deays on a har-
ateristi time sale τβ and it represents the orrelations
between degrees of freedom whih are in equilibrium with
the thermal reservoir at temperature T , i.e, retarded and
Keldysh orrelation funtions are related by the FDT.
The aging part on the other hand depends weakly on tw
(aging phenomena) and varies slowly on τ in a harater-
isti large time sale τα ≫ τβ , whih allows us to neglet
its τ derivatives. Moreover, as in referene 25, we en-
fore a relationship between Gr
AG
and C
AG
by dening
an eetive temperature T
e
at whih the long time or-
relations thermalize through a generalized FDT relation
Gr
AG
(τ, t) = −
1
T
e
(t)
∂
∂t
C
AG
(τ, t) . (A4)
For t ≪ τα we an neglet the time dependene of Te,
leading to a onstant T
e
(t)→ T
e
.
Using the above assumptions, the rst Shwinger-
Dyson equation (A2) in the stationary regime an be
solved by a Fourier transform, whih gives
Gr
STq
(ω) =
1
Gr−10q (ω)− Σ
r
ST
(ω)
. (A5)
Here we will explore solutions where Gr
AG
(τ, tw) is small
but nite. This orresponds to the weak long term se-
nario where, even though limτ→∞ limt→∞G
r
AG
(τ, t) →
0, the integral limt→∞
∫ t
0
dt′Gr
AG
(τ, t′) is still nite. In
other words, we onsider that the system keeps a vanish-
ingly small memory of what happened in the past whih,
when aumulated over long times, gives a nite ontri-
bution to the dynamis. Thus, following along the lines
of Ref.25, we get for the for the aging regime
Gr
AG q
(τ, tw) = Σ
r
AG
(τ, tw)G
r
ST q
(0)
2
. (A6)
Analogously, the seond Shwinger-Dyson equation
(A3) an be solved for the same two regimes, yielding
GK
ST q
(ω) = ΣK
ST
(ω)Gr
ST q
(ω)
2
(A7)
and
C
AG q (τ, tw) =
Σ
AG
(τ, tw)G
r
ST q
Gr
STq
(0)
−1
− 1T
e
ΣK
AG
(τ, tw)
. (A8)
Note that if we identify the real time orrelation funtions
with the inter-replia orrelation funtions F and G as
follows
lim
τ→∞
lim
tw→∞
C
AG
(τ, tw) ≡ F (A9)
Gr
ST
(ω) ≡ G (iωn → ω + iδ) (A10)
we get that the Shwinger-Dyson equations A5 and
A8 are exatly equivalent to the replia equations in
5, provided that the self energies in the two shemes
are also equivalent, i.e., Σ
AG
= −ΣF and Σ
r
ST
(ω) =
ΣG (iωn → ω + iδ). To prove this last requirement, we
apply the same one-loop self-onsistent sreening pertur-
bative sheme for the real time DMFT self energies Σ˜.
This gives
Σ˜ =
(
0 C ⊗Da +D ⊗Ga
C ⊗Dr +D ⊗Gr Da ⊗Ga +Dr ⊗Gr +D ⊗ C
)
where dressed interations are given by
Dr = u+ uΠr ⊗Dr (A11)
D = uΠr ⊗D + uΠ⊗Da , (A12)
and the polarization bubbles are given by the element-
wise produts (no time or spae onvolutions)
Πr = γC Gr (A13)
Π = γ
[
(Ga)
2
+ (Gr)
2
+ C2
]
. (A14)
The stationary and aging ontributions to the self ener-
gies and polarizations an be alulated analogously by
using the denitions (A13) and (A14) and separating the
stationary from the aging ontribution aording to their
asymptoti time behavior. This gives
Σr
ST
= C
AG
⊗Dr
ST
+D
AG
⊗Gr
ST
(A15)
+C
ST
⊗Dr
ST
+D
ST
⊗Gr
ST
Σ
AG
= D
AG
⊗G
AG
(A16)
and
Πr
ST
= γ (C
AG
Gr
ST
+ C
ST
Gr
ST
) (A17)
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and
Π
AG
= γC2
AG
(A18)
It is easy to verify aordingly that Π
ST
and Πr
ST
are re-
lated by FDT at the temperature T and Π
AG
and Πr
AG
are related by the lassial FDT at a temperature T
e
.
The last term in Eq.A15 is exatly the Matsubara on-
volution on (6). The remaining terms are alulated as
follows:
Dr
ST
(ω) =
1
u−1 +Πr
ST
(ω)
(A19)
D
AG
=
−Π
AG
Dr
ST
(ω = 0)
Dr
ST
(ω = 0)
−1
+ 1T
e
Π
AG
(A20)
Using the relations A9 and A10 and performing
the usual Matsubara sums we get,ΠF = ΠAG and
ΠG (iωn → ω + i0) = Π
r
ST
(ω) whih yields D
AG
= DF
andDG (iωn → ω + i0) = D
r
ST
(ω). Therefore, equa-
tions (A19), (A20), (A15), and (A16) together prove
that Σ
AG
= ΣF and Σ
r
ST
(ω) = ΣG (iωn → ω + iδ)and
that there is a omplete onnetion between replia
and Shwinger-Keldysh formalisms. There is still one
more independent equation, namely, Eq. A6, in the
Shwinger-Keldysh formalism whih bares no analog on
the Dyson equations for the inter-replia orrelation fun-
tions. However, if we integrate over q both sides of A6,
substitute the denition Σr
AG
= C
AG
⊗Dr
AG
+D
AG
⊗Gr
AG
into A6 with Dr
AG
= Πr
AG
D2
ST
(0)we obtain
[
2D2
ST
(0)ΠK
AG
−DK
AG
] ∫ ddq
(2pi)
d
G
ST
2
q
(0) = 1 (A21)
whih, is exatly the marginality ondition of the replia
approah. This proves our previous statement that the
saddle point ondition gives the dynamial behavior at
the time sales tw → ∞, τ → ∞ with tw ≪ τα. In
this limit the eetive temperature is not yet in equi-
librium. In the opposite limit one annot disregard the
time dependene of T
e
(t)and it is thus not possible to
write a losed form like equation (A21). Nevertheless,
the equilibrium approah based on the replia trik, to-
gether with the droplet relaxation piture enables us to
aess the behavior of T
e
(t
w
)in the time limit t
w
≫ τα.
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